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Among other factors, the complexity of a separation se- 
quencing problem is determined by the size of a product set, 
that is, the number of product streams involved (see, for ex- 
ample, Muraki et al., 1986; Floudas, 1987). Thus, extensive 
investigation has been conducted to study the possibilities of 
reducing the size of a given product set without additional 
separators (Bamopoulos, 1984; Cheng, 1987). One way to ac- 
complish this is to examine the possible linear dependency 
among the product streams. 

Assume that P n-component product streams are to be pro- 
duced; each product stream can be visualized as an n-com- 
ponent vector. Furthermore, suppose that p l ,  p,, . . . , and pr 
are r linearly independent product streams [ r s  min(n,P)] and 
that they form a basis for the product vector space. Then, the 
remaining (P-r) product streams can be expressed in terms 
of these r product streams in the following vector notation 
(Amundson, 1966); 

Pi=CilPl+Ci2P2+. . . +ci,p,, i = r +  1, r + 2 ,  . . . , P (1) 

where element (pi/) represents the molar flow rate of the j th 
component, ranked in descending order of a certain physical 
or chemical property, in product stream i; and c,,, c,,, . . . , 
and cir in Eq. 1 are constants. If these constants are all non- 
negative, the (P-r) product streams can be obtained by ap- 
propriately blending the r linearly-independent product 
streams. This appears to be attractive in reducing the size of 
the original product set, thereby leading to the simplification 
of the original separation sequencing problem (Bamopoulos, 
1984; Cheng, 1987). Nevertheless, little, if any, has been pub- 
lished on the effect of transforming the original product set 
into the set with r product streams on the structure and overall 
cost of the separation sequence. The purpose of this note is 
to examine this effect for an all-sharp separation sequence 
producing nonsharp products. It has been found that the max- 
imum extent of stream bypassing for any sequence with P 
product streams (the original problem) is greater than that for 
the sequence with r product streams (the reduced problem). 
Consequently, it can be concluded that, in general, the cost 
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of the optimal sequence for the original problem is less than 
that for the reduced problem. 

Representations for Original and Reduced Prob- 
lems 

Consider a general separation sequencing problem involving 
one n-component feed stream and P n-component product 
streams; Obviously, separation is not needed for P= 1 since 
f=p. For a given feed and P = 2 ,  suppose that p1 depends 
linearly onp,. Then, both product streams must have the same 
composition as that of the feed; again, separation is not needed. 
For P r 3 ,  assume that the maximum number of linearly in2 
dependent product streams is r: 

(2) r=  rank(P) 

and that they are designated as p , ,  p2, . . . , and pr. For the 
original problem of producing the specified P product streams 
directly from the feed stream, the feed f, and the product 
streams, p , ,  p2, . . . , and pr, can be expressed as the vectors 

f = [fi f 2  . . . LIT (3) 

while the remaining (P-r) product streams, p r+ , ,  pr+2, . . . , 
and pp, can be expressed in terms of these r product streams 
as: 

p,=C,lpl+ci2p2+. . .+cirp,, i = r +  1 ,  r + 2 ,  . . . , P (5 )  

If the constants, c,,, c,,, . . . , and c,,, in the above equation are 
all nonnegative, the product streams, p r+ ] ,  pr+,, . . . , and pp, 
can be obtained by blending the r linear-independent product 
streams,p,,p,, . . . , andp,. In such cases, the reduced problem 
can be formed with the same feed as that represented by Eq. 
3 and the following product streams. 
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The summation in the parenthesis indicates the amounts of 
the product streams, pI, p2 ,  . . . , and pr ,  that will be converted 
into the product streams, pr+l, pr+2,  . . . , and pP.  through 
blending. When any of the constants, crl, c,~, . . . , and c,,, is 
negative, however, we cannot obtain ( P -  r) product streams 
without additional separators. 

Maximum Stream Bypassing 
For the original problem, the maximum fraction of the feed 

stream that can be bypassed to product stream p i ,  xi, can be 
evaluated as (Aggarwal and Floudas, 1990): 

, i = 1 , 2 , .  . . ,r (7)  . P I I  P i 2  PA P I K ( I )  
f n )  - f K ( i )  

x,=min - -, .. . ,  
( f ,  ' f 2  

and 

j =  1 - - , i = r + l , r + 2 ,  . . . ,  P ( 8 )  
f K ( I )  

In these equations, K ( i )  is the index of the component for 
which the component ratio between product streamp, and feed 
f i s  minimum. Thus, the overall fraction of bypassing the feed 
stream is: 

For the reduced problem, the fraction of the feed stream by- 
passing to product stream p i ,  xf is: 

Hence, the overall fraction of bypassing the feed stream is: 

r 

BPIed = c X: 
i =  1 

From Eqs. 9 and 11, 

From Eq. 7 ,  p , K ( , ) / f K ( , )  is the minimum component ratio be- 
tween product streamp, and feedf, W h i k p l K U ) / f K , ,  is generally 
the ratio of the K(j)th component of product stream pI to that 
of feed f. Consequently, 

Thus, we have: 

or 

Because of the constraint expressed in Eq. 13 ,  the equality 
in the above expression holds only when every term on the 
righthand side of Eq. 12 vanishes. From the first r terms on 
the righthand side of Eq. 12, we have: 

P I K ( r + l )  P I K ( I )  

f K ( r + l )  f K ( I )  

-- 

. .  

In other words, all the minimum component ratios for the 
product streams, p l ,  p2 ,  . . . , pr ,  occur at the K ( r +  1)th com- 
ponent; therefore, for all the other components of these prod- 
uct streams, we have: 

, i=  1,2, . . . ,r; j =  1,2, . . . ,n; j # K (  r +  1 )  (18) 
& j , P ! K ( r + l )  

f ,  - f K ( r + l )  
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Figure 1. Sequence a for the original problem. Figure 3. Sequence c for the original problem. 

or 

The overall mass balance over the K (  r + 1)th component yields: 

The overall mass balance over the j th  component gives: 

p ,  

2” ( I +  c Cit = I  
, = I  f, , = r + l  

From the above two expressions, 

Figure 2. Sequence b for the original problem. 

In the light of this equation and Eq. 19, Eq. 18 reduces to: 

P t j  = P i K ( r +  I )  
I . I .  

Since the righthand side of this expression is independent of 
j ,  we obtain: 

P i n  &=&= ... = _  i =  1,2,. . . ,r 
f l  fi f n  ’ 

The implication is that the product streams, p I ,  p z ,  . . . , and 
pr ,  have the same composition as that of the feed and, there- 
fore, depend on each other, which is in contradiction to the 
original assumption that these product streams are linearly 

7 kl 1 
11 844 W l a =  2366 

w;. = 3 784 

Figure 4. Sequence a for the reduced problem. 
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Figure 5. Sequence b for the reduced problem. 

independent. Hence, the equality in Eq. 14 cannot hold, thereby 
leading to: 

BPorg > BPIed (25) 

This indicates that the maximum extent of stream bypassing 
for any sequence in the original problem is always greater than 
that for the corresponding sequence in the reduced problem. 

Discussion 
For a sharp separator, the separation is maximum: the degree 

of sharpness is constant; hence, the cost of the separator will 
decrease as the flow to or through it is reduced (Bamopoulos, 
1984). Consequently, the cost of an all-sharp separation se- 
quence for the original problem is less than that of its corre- 
sponding sequence for the reduced problem. 

As an illustration, let us consider the following original 
problem involving one three-component feed stream and three 
three-component product streams. 

p l = [ l  2 41' (27) 

p2=[4  6 81' (28) 

p3=[3  5 81' (29) 

Equation 2 gives: 

r = rank(P) 

=rank[: 11 
= 2  

If pI and p 2  are selected to form a basis, we obtain: 

I 

Figure 6. Sequence c for the reduced problem. 

In the light of Eq. 1, we have: 

Thus, based on the formulations expressed in Eqs. 10 through 
13, the reduced problem to be solved has the following feed 
and product streams. 

f = [ 8  13 201' (32) 

p:=(1+c31)pl=(1+1)[1 2 4]'=[2 4 81' (33) 

p;  =(1 + ~ 3 ~ ) 1 ) ~ = ( 1  +0.5)[4 6 SIT= [6 9 121' (34) 

The three possible alternative separation sequences for the 
original problem are presented in Figures 1, 2, and 3; and the 
corresponding sequences for the reduced problem are shown 
in Figures 4, 5, and 6, respectively. The detailed procedure of 
obtaining alternative sequences for a three-component sepa- 
ration process is discussed by Chen et al. (1991). The figures 
demonstrate that the molar flow rate of the feed to each sep- 
arator in a separation sequence for the original problem is less 
than its counterpart in the corresponding sequence for the 
reduced problem (for example, W,, in Figure L vs. Wy, in 
Figure 4), while the compositions remain identical. Conse- 
quently, the cost of each alternative sequence for the original 
problem is less than that of the corresponding sequence for 
the reduced problem. As a result, the cost of the optimal 
separation sequence for the original problem is also less than 
that for the reduced problem. 

It is worth pointing out that the above conclusion is valid 
only for an all-sharp separation sequence. The same conclusion 
may not be valid for a separatidn sequence involving nonsharp 
or sloppy separators due to the trade-off between the extent 
of stream bypassing and the sharpness of separation. 
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Notation 
BPorg = maximum extent of bypassing for the original problem 
BPred = maximum extent of bypassing for the reduced problem 

D = divider 
f = feed stream 

K (  i )  = index of the component at which the minimum component 
ratio between p, and f is obtained 

M = mixer 
n = number of components in the feed stream 

p, = ith product vector of the original problem 
p; = ith product vector of the reduced problem 
P = number of product streams 
P = matrix with product streams as its column vectors 
r = maximum number of the linearly-independent product 

streams 
S’ = separator in which components i and i + 1, ranked in de- 

creasing order of a certain physical or chemical property, 
are light and heavy key components, respectively 

x,  = maximum fraction of the feed stream that can be bypassed 
to product stream p, 

W, = molar flow rate of the feed to separator S 
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